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This week’s riddler, courtesy of Toby Berger, is about the classic puzzle of Lucas’ Tower:
Question 1. Cassius the ape (a friend of Caesar’s) has gotten his hands on a Lucas’ Tower puzzle
(also commonly referred to as the “Tower of Hanoi”). This particular puzzle consists of three poles
and three disks, all of which start on the same pole. The three disks have different diameters - the
biggest disk is at the bottom and the smallest disk is at the top. The goal is to move all three disks
from one pole to any other pole, one at a time, but there’s a catch. At no point can a larger disk
ever sit atop a smaller disk.
For N disks, the minimum number of moves is 2N −1 . (Spoiler alert! If you haven’t proven this
before, give it a shot. It’s an excellent exercise in mathematical induction.)
But this week, the minimum number of moves is not in question. It turns out that Cassius couldn’t
care less about solving the puzzle, but he is very good at following directions and understands a
larger disk can never sit atop a smaller disk. With each move, he randomly chooses one among the
set of valid moves.
On average, how many moves will it take for Cassius to solve this puzzle with three disks?
This is essentially setting up a Markov chain and asking how long it takes to reach one of two
states. The obvious Markov chain has 27 states and that would likely be unweildly to actually
deal with. However, there is a nice simplifiaction: break the states into how many moves you are
from finishing if you move optimally. The starting position is in state 7, after one move (no matter
what!) you will be in state 6, and so on.
However, there is a catch: there are two essentially different ways to be 3 and 5 moves from
completion. When you make the first two moves in the optimal move order, you have a state that
has three disks on different pegs. However, if you then move disk one on top of disk three, then you
are still 5 moves from completion, but now you have no ability to move back to being 6 moves from
completion in one move. I will call the first state 5a and the second state 5b. Here is a complete
list of which states you can move to from a given state:
 From 7, you can only move to 6
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 From 6, you can move to 7, 6, or 5a
 From 5a, you can move to 6, 5b, or 4
 From 5b, you can move to 5a, 5b, or 4
 From 4, you can move to 5a, 5b, or 3a
 From 3a, you can move to 4, 3b, or 2
 From 3b, you can move to 3a, 3b, or 2
 From 2, you can move to 3a, 3b, or 1
 From 1, you can move to 2, 1, or 0

Now, if one defines x7 to be the expected time to reach a solved state if you are at state 7, and
similarly for all the other states, then one has a bunch of equations defining the xs s. I will give
one to show the pattern: x5a = 13 (x6 + x5b + x4 ) + 1. All the others are of the same pattern and
they arise because if you are at state 5a, you have to make one move (for the +1) and then you
are equally likely to be in states 6, 5b, and 4.
Solving all these equations, one (hopefully!) gets the following solutions:
 x1 = 25
 x2 = 47
 x3a =

176
3

 x3b =

163
3

 x4 =

215
3

 x5a =

232
3

 x5b = 76
 x6 =

244
3

 x7 =

247
3

Thus, it will take Cassius

247
3

= 82.33 . . . moves on average to reach the end.

This may seem long; in particular, it may seem like it takes a long time on average when Cassius is
one move away to actually close out the deal. However, Cassius is in this predicament where if he
doesn’t close out the deal immediately, he likely gets lost in the mess of moving around randomly
being several moves away from the end and has to wait until he’s likely traversed every possible
state.
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