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Today’s riddler is about thanksgiving turkeys (despite the fact that thanksgiving was almost two
months ago):
Question 1. Trig the turkey cannot fly. And so, instead of flying, he decides to jump as far as he
can with a running start up one of the famed Sinusoidal Hills, all of which are precisely the same
size.
Trig knows that he cannot jump a horizontal distance of more than two hills. Also, he prefers a
smooth takeoff and landing. That is, when he takes off from the ground and lands on it again, the
slope of his parabolic trajectory through the air must perfectly match the instantaneous slope of the
ground beneath him.
What is the greatest horizontal distance Trig can jump, such that his takeoff and landing are smooth?
Again, keep in mind that Trig cannot possibly jump a horizontal distance greater than two hills.
To get the cheating answer out of the way: a line is a degenerate parabola so Trig can take off at
the apex of a hill, go horizontally 2 hills long, and “land” smoothly at the hill two hills down and
cover a distance of exactly two hills. That is not what was intended by this problem however, so I
will solve this correctly.
Assume that the hills are parameterized by f (x) = − cos(x). If Trig takes off from −c, he will land
at c, and so I will let gc (x) be the parabola describing this jump. gc (x) is determined by gc0 (0) = 0,
2
gc (c) = − cos(c), and gc0 (c) = sin(c). The first and third condition show that gc (x) = sin(c)
2c x + b
for some constant b.
The key observation is that this problem is infinitesmal: if Trig can successfully land (equivalently
take off), then the path is valid. Since gc0 (c) = f 0 (c), this comes down to gc00 (c) ≥ f 00 (c). Thus, we
are free to ignore the b in the expression for gc (x) above. One has that gc00 (c) = sin(c)
c , which is
compared to f 00 (c) = cos(c). Since we are assuming that c > π, the inequality becomes tan(c) ≤ c,
and the longest distance that Trig can jump is twice the value of c ∈ [π, 2π] where tan(c) = c. As
far as I know, there is no closed formula for this; it is easy to numerically find by just iterating
c → arctan(c) + π and you quickly converge to this value. One gets that c ≈ 4.493409, or about
1.430297 times the gap between the hills.
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