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This week’s riddler is about not catching a grasshopper:
Question 1. You are trying to catch a grasshopper on a balance beam that is 1 meter long. Every
time you try to catch it, it jumps to a random point along the interval between 20 centimeters left
of its current position and 20 centimeters right of its current position.
If the grasshopper is within 20 centimeters of one of the edges, it will not jump off the edge. For
example, if it is 10 centimeters from the left edge of the beam, then it will randomly jump to
anywhere within 30 centimeters of that edge with equal probability (meaning it will be twice as likely
to jump right as it is to jump left).
After many, many failed attempts to catch the grasshopper, where is it most likely to be on the
beam? Where is it least likely? And what is the ratio between these respective probabilities?
I will view the grasshopper’s position on the beam as a real number x ∈ [0, 100]. Since, in this
question, it doesn’t matter where the grasshopper starts, I will assume that the grasshopper starts
at 50. I will define Xn to be the random variable which is the expected location of the grasshopper
after n jumps (so X0 is the delta distribution at 50 and X1 is uniform on [30, 70]), and pn to be
the corresponding probability density function. To compute Xn+1 from Xn in general, I need some
notation.
Let a(x) = max(0, x − 20), b(x) = min(x + 20, 100), and `(x) = b(x) − a(x). The functions a
and b represent the minimum and maximum value that the grasshopper can jump to, and `(x) is
the length of the interval that the grasshopper can jump to; `(x) is the piecewise linear function
defined by the points (0, 20), (20, 40), (80, 40), and (100, 20). One can then, by chasing through
n (x)
definitions, see that the probability density function of the pair (Xn , Xn+1 ) is pn,n+1 (x, y) = p`(x)
Z b(y)
pn (x)dx
if a(x) < y < b(x) and 0 otherwise. Thus, one has that pn+1 (y) =
.
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no idea how to solve this from first principles. However, one can always simulate this, and after
doing a simulation of 100000 grasshoppers on the beam taking 1000 jumps, you get a histogram
that looks like this:
If one writes p(x) to be the limit of the pn (x)s, then one has that p(y) =

1
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If you squint, it sure looks like p(x) ∝ `(x). To test that, notice that
`(x)
a(y)
a(y)
`(y), which is exactly what you want. Since the integral of p(x) is 1, it’s straightforward to compute
that p(x) = `(x)
180 .
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Thus, at the end, the grasshopper is equally likely to be anywhere between 20 and 80, and is least
likely to be at the endpoints. The probability that the grasshopper is at a fixed point in [20, 80] is
twice the probability that the grasshopper is at one of the endpoints.
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