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This week’s riddler, courtesy of Scott Owaga, is about creating a pen for your hamster:

Question 1. Quarantined in your apartment, you decide to entertain yourself by building a large
pen for your pet hamster. To create the pen, you have several vertical posts, around which you will
wrap a sheet of fabric. The sheet is 1 meter long - meaning the perimeter of your pen can be at
most 1 meter - and weighs 1 kilogram, while each post weighs k kilograms.

Over the course of a typical day, your hamster gets bored and likes to change rooms in your apart-
ment. That means you want your pen to be lightweight and easy to move between rooms. The total
weight of the posts and the fabric you use should not exceed 1 kilogram.

For example, if k = 0.2, then you could make an equilateral triangle with a perimeter of 0.4 meters
(since 0.4 meters of the sheet would weigh 0.4 kilograms), or you could make a square with perimeter
of 0.2 meters. However, you couldn’t make a pentagon, since the weight of five posts would already
hit the maximum and leave no room for the sheet.

You want to figure out the best shape in order to enclose the largest area possible. What’s the
greatest value of k for which you should use four posts rather than three?

Extra credit: For which values of k should you use five posts, six posts, seven posts, and so on?

Define fn(k) to be the area you can enclose (in square metres) if you wish to make an n-gon, when the

posts weigh k kilos. One can start computing, and get f3(k) =
√
3
4

(
1
3 − k

)2
and f4(k) =

(
1
4 − k

)2
.

Setting these equal, after some algebra, gives k = 3−2 4√3
12−6 4√3

= .089642 . . ..

What happens for large n though? To compute fn(k), I will draw a picture:
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Here, s is the side length of the n-gon, and r is the inner radius. One sees that s = 1
n − k,

r = s
2 cot

(
π
n

)
, and fn(k) = n

2 sr = n
4 cot

(
π
n

) (
1
n − k

)2
= 1

4π

(
π
n cot

(
π
n

))
(1 − nk)2. Write g(x) =(

π
x cot

(
π
x

))1/2
. Then, writing fn(k) = fn+1(k), one gets that g(n)(1−nk) = g(n+ 1)(1− (n+ 1)k),

or k = g(n+1)−g(n)
(n+1)g(n+1)−ng(n) . Thus, for k > g(n+1)−g(n)

(n+1)g(n+1)−ng(n) , an n-gon surrounds more area, but for

k < g(n+1)−g(n)
(n+1)g(n+1)−ng(n) , an (n + 1)-gon surrounds more area.

This is an exact formula, but it doesn’t really give the behaviour of when you want to switch.
To get an idea how this grows, one needs to get a good approximation of g(n) for n � 0. One

can use Taylor expansions to get y cot(y) = 1 − y2

3 + O(y4), and so (y cot(y))1/2 = 1 − y2

6 +

O(y4). Thus, g(n) = 1 − π2

6n2 + O(n−4). One then gets that the numerator is g(n + 1) − g(n) =
π2

6

(
2n+1

n2(n+1)2

)
+O(n−4) = π2

3

(
1

n(n+1)2

)
+O(n−4) = π2

3n3 +O(n−4). Meanwhile, the denominator is

1 − 6π
n+1 + 6π

n + O(n−3) = 1 + 6π
n(n+1) + O(n−3) = 1 + O(n−2), so one has that g(n+1)−g(n)

(n+1)g(n+1)−ng(n) =(
π2

3n3 + O(n−4)
)

(1 + O(n−2)) = π2

3n3 + O(n−4).
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