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This week’s riddler, courtesy of Jason Shaw, asks about a race between a tortoise and a hare:
Question 1. The tortoise and the hare are about to begin a 10-mile race along a “stretch” of road.
The tortoise is driving a car that travels 60 miles per hour, while the hare is driving a car that
travels 75 miles per hour. (For the purposes of this problem, assume that both cars accelerate from
0 miles per hour to their cruising speed instantaneously.)
The hare does a quick mental calculation and realizes if it waits until two minutes have passed,
they’ll cross the finish line at the exact same moment. And so, when the race begins, the tortoise
drives off while the hare patiently waits.
But one minute into the race, after the tortoise has driven 1 mile, something extraordinary happens.
The road turns out to be magical and instantaneously stretches by 10 miles! As a result of this
stretching, the tortoise is now 2 miles ahead of the hare, who remains at the starting line.
At the end of every subsequent minute, the road stretches by 10 miles. With this in mind, the hare
does some more mental math.
How long after the race has begun should the hare wait so that both the tortoise and the hare will
cross the finish line at the same exact moment?
Define f (n, x) (where n is a nonnegative integer, and x ∈ [0, 1)) to be the fraction of the road that
the tortoise has traversed after n + x minutes, and g(n, x, m, y) (n, m are nonnegative integers and
x, y ∈ [0, 1)) to be the fraction of the road that the hare has traversed after n + x minutes, given
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that she waited for m + y minutes before starting. Now, one sees that f (n, x) = 10
(Hn + n+1
)
Pn 1
y
1
x
(here, Hn = k=1 k is the nth harmonic number) and g(n, x, m, y) = 8 (Hn + n+1 − Hm − m+1 ).
Since f (n, x) is a strictly increasing function of n + x, there exists a unique pair (n0 , x0 ) such that
f (n0 , x0 ) = 1. We want to find m0 , y0 such that g(n0 , x0 , m0 , y0 ) = 1 as well. But notice that
g(n, x, m, y) = 45 (f (n, x) − f (m, y)), so g(n0 , x0 , m0 , y0 ) = 1 implies that 45 (1 − f (m0 , y0 )) = 1, or
25
f (m0 , y0 ) = 51 . Thus, one has Hm0 + my00+1 = 2. One can quickly see that H3 = 11
6 and H4 = 12 ,
2
so m0 = 3 and then it’s easy to get y0 = 3 , so the hare should wait for 3 minutes and 40 seconds
to exactly tie the tortoise.
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How long does the race take? Well, one can look to find the first harmonic number larger than
10. While probably possible to do by hand, this is also in the OEIS, and the answer is 12367,
so the race takes just over 12366 minutes, or 8 days, 14 hours, and 6 minutes! If the hare had
not waited around, she would finish in just over 1674 minutes, or just under 1 day and 4 hours.
If she had instead started once she saw the road expand the first time, she would finish in 4551
minutes, or just under 3 days and 4 hours. The lesson is to not put off things that are going to
grow exponentially.
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